We show theoretically that a short specific elliptically polarized laser pulse driving an asymmetric top molecule can induce postpulse revivals of three-dimensional (3-D) alignment. By choosing the field ellipticity resulting in the best compromise between the alignment of two molecular axes, we demonstrate that efficient 3-D alignment can be achieved at low temperature. In the experiment, the field-free alignment of moderately cool ethylene molecules is probed by using a technique based on the optical Kerr effect. Control of 3-D field-free alignment opens the door to a large range of applications in chemistry as well as in molecular optics.
I. INTRODUCTION
Guiding atoms and molecules by laser fields is the subject of intense research. Controlling the rotational degree of freedom of molecules is one important aspect (see [1] for a review, and [2, 3] ). In physics and photochemistry, the effect of interactions with laser fields depends on the relative angle between the molecular axes and the polarization of the laser field. This is particularly prominent for phenomena that rely on intense laser fields like for instance strong field ionization [4] , high-order harmonic generation [5] , or Coulomb explosion. Aligning or orienting molecules is interesting for study of stereodynamic effects in surface adsorption processes [6] . Many applications can be expected in Chemistry. For example, the yield of a reaction can be enhanced by manipulating the relative orientation of reagents. One reaction channel can also be favoured with respect to the others.
It is well known that adiabatic non-resonant laser pulses (of duration τ ≫ /B, with B the rotational constant of the molecule) align molecules during the interaction with the field, while short pulses (τ ≪ /B) yield postpulse transient alignment revivals. The latter has been intensively studied both theoretically and experimentally in the last years, principally in linear molecules. However, since most applications in chemistry involve asymmetric top molecules, it is necessary to perform experiments in order to control their rotational motions. With this aim, linearly polarized lasers have been used to align the strongest polarizability axis of asymmetric top molecules right after the pulse in the non-adiabatic regime [7, 8] . Three-axis adiabatic alignment has also been demonstrated [9] using elliptically polarized long pulses. The drawback of adiabatic alignment is that any envisaged further applications might be spoiled by the strong field of the alignment laser. Fieldfree three dimensional alignment has been studied theoretically [10] . By comparing different strategies, the authors have shown that for ethylene at low temperature (4K) the use of two orthogonally polarized, timeseparated laser pulses, is preferable to an elliptically polarized short pulse. This method has been used recently to observe a field free 3-D alignment of SO 2 molecules right after the pulses [11] .
In this work, we show that a single elliptically polarized short pulse of appropriate ellipticity allows one to achieve efficient field-free 3-D alignment on a rotational revival. We present a theoretical study in which we find the ellipticity that maximizes simultaneously the alignment of two molecular axes, and therefore 3-D alignment. The effect is calculated for ethylene (C 2 H 4 ) and compared to a model molecule of optimized polarizability and the same rotational structure. Furthermore, we demonstrate that measurements of the refractive indices modified by the molecular orientation (Langevin contribution) can be used to estimate the 3-D alignment of the molecule, as it has already been shown in the case of one-dimensional alignment [8] .
II. METHOD AND NUMERICAL RESULTS
When a short non-resonant electric field is applied to a molecule, the interaction between the molecular polarizability and the field produces a rotational wave packet in the ground vibronic state of the molecule. After the extinction of the field, the rotational eigenstates that compose the wave packet periodically rephase and lead to recurring alignment of the molecular axis. This alignment depends on parameters like the rotational constants, the temperature of the gas sample [12] , and the pulse shape [14] . Another important parameter is the state of polarization of the electric field. Whereas a linearly polarized electric field can only align one axis of the molecule at a particular time, an elliptically polarized laser pulse offers the possibility to control the alignment of all axes for an asymmetric top molecule.
We consider an elliptically polarized laser field − → E (t) propagating in the − → e z direction, − → E (t) = E(t)(a cos ωt − → e x + b sin ωt − → e y ),
where E(t) is the amplitude, ω the angular frequency, and a the parameter representing the half-axis of the ellipse along the laboratory x-axis (whereas b corresponds to the y-axis) with a 2 + b 2 = 1 and b > a. The molecule is assumed to be in its lower vibrational state, in the electronic ground state. For a three-dimensional rigid rotor, with no resonant coupling with excited electronic states nor with vibrational states, the Hamiltonian is given by [15] 
where
Y is the rotational Hamiltonian of the free rotor, B Γ the rotational constants, J Γ the components of the angular momentum operator of the principal axes of inertia (Γ = X, Y, Z), and − → − → α is the dynamical polarizability tensor which includes the contribution of the excited electronic states. For near infrared excitation the dynamical polarizability can be approximated by the static one. The effective Hamiltonian can be written as
with α γγ the diagonal laboratory-fixed components of the polarizability (γ = x, y, z). We express these components as a function of the diagonal molecule-fixed components using the director cosines cos θ γΓ defined as γ = Γ cos θ γΓ Γ: α γγ = Γ cos 2 θ γΓ α ΓΓ . The properties Γ cos 2 θ γΓ = 1 and γ cos 2 θ γΓ = 1 permit different writings of the interaction potential. Choosing respectively Z and Y the molecular axes of major and minor polarizability leads to the most appropriate writing (up to irrelevant terms that do not multiply a director cosine operator)
with ∆α ΓΓ ′ ≡ α ΓΓ − α Γ ′ Γ ′ . Equation (4) generalizes in a direct way the interaction potential of a linear molecule, for which we would have ∆α XY = 0 with Z the molecular axis. It has been shown for a linear molecule [16] that the ellipticity satisfying
, gives a dynamically alternating alignment of equal weights along the y-and z-axis. For an asymmetric rotor, the first line of (4) shows that b 2 = 2/3 leads furthermore to the alignment of the most polarizable Z-axis that alternates between the z-and y-axis (if we assume |∆α ZX | ≫ |∆α XY |).
Equation (4) shows the additional feature of simultaneous alignment of the Z and Y molecular axes. Using the argument that the molecule will be aligned first at the minimum of the potential, we can infer that the molecular Z-axis (Y -axis) will be aligned right after the pulse along the y direction (z direction) [due to the second and third term in the right hand side of Eq. (4)]. Alignment of these two axes will be strong if the energy is shared equally between the director cosines cos θ yZ and cos θ zY in Eq. (4), i.e. when ∆α ZX (b 2 − a 2 ) = ∆α XY a 2 . This is satisfied for
Because the field-free alignment of a near-prolate asymmetric top molecule reaches its maximum at an early time, we will show in the next paragraph that condition (5) leads to a 3-D alignment that is maximized at the first rotational revival. We start the numerical analysis with ethylene at low temperature. The time-dependent Schrödinger equation using potential (4) is solved numerically with the polarizabilities taken from [17] . The rotational constants are B X = 1.001 cm −1 , B Y = 0.828 cm −1 , and B Z = 4.864 cm −1 [18] . The Z-axis is along the C=C bond, while the X-axis is within the molecular plane and perpendicular to the C=C bond and the Y-axis is perpendicular to the plane (see the inset in Fig. 1 ). The laser pulse is treated in the sudden approximation, where the pulse strength is characterized by the two dimensionless parameters ξ ZX = E 2 (t)dt. The calculation during the interaction with the pulse is performed in the rotational eigenbasis of a symmetric top molecule defined by |J, K, M , where K and M are the projections of the angular momentum along the molecular Z-axis and the laboratory z-axis, re-spectively. For these rotational states, the transitions induced by the potential (4) are restricted by the selection rules ∆J = 0, ±1, ±2, ∆K = 0, ±2, and ∆M = 0, ±2. Since K is not conserved during the rotation of an asymmetric top molecule, the field-free evolution of the system is preferably calculated in the diagonal basis |J, τ, M [19] , where τ = K Z − K Y is the asymmetric quantum number. K Z and K Y are the projections of the angular momentum along the Z and Y molecular axis defined by continuity in the limit of a symmetric-top [20] and can take the values
the inverse sequence of K Y ). The field free evolution of the state vector reads
where E J,τ are the energies associated to the rotational state |J, τ, M . This last expression is then used to calculate the observables needed for the determination of the alignment. Figure 1 displays the angular distributions calculated for the first rotational revival produced at t = 8.3 ps after the laser pulse. When no field is applied to the molecule, the distributions are spherical; the probability to find any molecular axis in any direction is isotropic. When the electric field is linearly polarized, we see in Fig. 1 (a) (right column) that the angular distribution of the molecular Z-axis peaks in the direction of the electric field, the two other axes remaining delocalized in the x-z plane. In this case, only the most polarizable axis is aligned by the field and the C-H bonds are isotropically distributed around the C=C bond, giving rise to a diabolo-like shape (left column). When the electric field is elliptically polarized with the value a 2 = 0.44 that satisfies Eq. (5), Fig. 1 (b) (right column) shows that the angular distribution of the three X, Y , and Z molecular axes peaks in the three orthogonal x, z, and y directions, resulting in a 3-D alignment of the molecule. The angular distribution of the C-H bonds is clearly localized in the x-y plane and reproduces the geometrical shape of the molecule (left column).
In order to quantify the molecular alignment, we use the thermally averaged director cosines
with Q = J0,τ0 (2J 0 +1)g J0,τ0 e −EJ 0 ,τ 0 /(kT ) , k the Boltzmann constant, and T the temperature. cos 2 θ γΓ (t) ≡ ψ J0,τ0,M0 | cos 2 θ γΓ |ψ J0,τ0,M0 (t) is the expectation value calculated for the state vector |ψ J0,τ0,M0 (t) obtained from the Schrödinger equation with the initial condition |J 0 , τ 0 , M 0 . For ethylene, the spin degeneracy in the ground electronic state results in a specific statistical ensemble of the J 0 values: if K Z and K Y are both even, the spin degeneracy factor is g J0,τ0 = 7, otherwise g J0,τ0 = 3. When cos 2 θ γΓ (t) tends to 1, the Γ molecular axis is perfectly aligned in the γ direction. On the contrary, when cos 2 θ γΓ (t) tends to 0, the Γ molecular axis is totally delocalized in the plane perpendicular to the γ axis.
The 3-D alignment is obtained when the three conditions
are simultaneously fulfilled. Because θ xX , θ yZ , and θ zY are non independent angles, these conditions are not sufficient to guarantee 3-D alignment. The averaged director cosines must also verify the following criteria [10] 
These equations show that the molecular X-axis must be preferentially aligned in the x direction rather than in the y and z directions, whereas the Y -axis must be preferentially aligned in the z direction. the most polarizable Z-axis along the major y-axis of the ellipse) is close to π /(B X + B Y ) = 9.1 ps, the period of the so-called J-type transients defined in the high-J limit [8, 21] . cos 2 θ xX and cos 2 θ yY show faster modulations separated by an interval 2π /(4B Z ), corresponding to a rotation of the molecule about the axis of lower moment of inertia [8] , i.e. the Z-axis. As in Fig. 1 , we observe on the first J-type transient at t = 8.3 ps (see the vertical dashed lines) the synchronous localization of the three molecular axes; all director cosines are in phase and larger than 1/3, satisfying therefore (8) . We note in particular that cos 2 θ yZ and cos 2 θ zY have the same amplitude (almost equal to 0.5), due to the specific ellipticity (5) of the field. From the difference of averaged director cosines represented in (b) and (c), we can see that the condition (9) for 3-D alignment is also fulfilled. Conditions (8) and (9) are also satisfied at t = 19.1 ps. But for later times, due to the lack of regularity in the rotational-level structure, the alignment of the X molecular axis is smaller. Because the rotational components of the wave packet do not fully rephase after the excitation, the alignment is not periodic. The consequence of the temporal dispersion of the wave packet is the lower efficiency and the rapid decrease of the field-free alignment of an asymmetric top compared to a linear molecule.
We have tested numerically the effects of polarizability and temperature on the 3-D alignment. Figure 3 shows the dynamics of the averaged director cosines calculated at 4 K for ethylene [ Fig. 3 (a) ] and for a model molecule of large polarizability asymmetry defined by Fig. 3 (b) ]. The model molecule has been constructed by keeping the rotational constants and the extrema of polarizability α ZZ and α Y Y of ethylene. Compared to 0.1 K [see Fig. 2(a) ], we can see in Fig. 3 (a) that an increase of the rotational temperature results in an expected lower alignment efficiency. In particular, the alignment of the X-axis in the x direction is weaker [10] . However, figure 3(b) shows that the alignment efficiency is improved, even though the temperature is higher, when the polarizability tensor is more asymmetric and the field ellipticity a 2 = 1/3 is chosen as to satisfy condition (5) . For this ellipticity, Eq. (4) shows that the energy is equally shared by the two molecular axes and also by both directions (∆α ZX = ∆α XY ), resulting therefore in a better efficiency for the 3-D alignment.
In this section we have shown that field free 3-D alignment can be produced at a rotational revival using a laser pulse of specific polarization. The alignment occurs mainly at the first J-type transient, during the early time evolution of the system and before significant dephasing of the wave packet that leads to a temporal dispersion of the angular distributions relative to each molecular axis. Compared to others, the first transient is therefore more robust with respect to temperature and intensity. The resulting effect of the elliptic field with respect to 3-D alignment depends strongly on the molecular system, not only on its rotational structure, but more importantly on its polarizability. In particular, the larger the asymmetry of polarizability, the more robust the alignment is with respect to the temperature.
III. MEASUREMENT OF THE ALIGNMENT
The non-intrusive technique described in Refs. [22, 23] is used to probe the field-free molecular alignment induced by the elliptically polarized laser pulse. Its principle is based on the modification of the refractive indices resulting from the alignment of the molecules. It can be seen as an orientational contribution to the optical Kerr effect which manifests itself through a retarded response of the medium with respect to the quasi-instantaneous electronic response. In order to measure this effect, we focus a weak time-delayed probe pulse, co-propagating with the alignment pulse (pump), into a gas sample. Due to the alignment dynamics, the medium exhibits recurring transient birefringence that we observe through the depolarization of the probe pulse.
The pump and probe pulses are delivered by a chirped pulse amplified Ti:Sapphire laser operating at 10 Hz. The pulse duration is about 100 fs and the wavelength is centered at 800 nm. The probe laser field propagating along the z-axis is linearly polarized at 45
• with respect to the y-axis. In order to change the intensity of the pump, we use a half-wave plate combined with a polarizer. The ellipticity of the pump field can be adjusted by a half-wave plate combined with a quarter-wave plate. Both pulses are focused with a 300 mm focal lens and cross each other at a small angle (∼ 2
• ) in a molecular jet of pure C 2 H 4 . The measured beam waists are 40 µm and 60 µm for the pump and probe, respectively. The depolarization signal of the probe is collected after a polarizer set at 90
• with respect to the initial polarization direction. The signal intensity delivered by the detector in heterodyne detection can be approximated by (10) where ∆n(t) = n y (t)−n x (t) is the difference of refractive indices experienced by the probe, E LO is a local oscillator larger than the signal electric field, and C is a term that can be considered as a constant [24] . The alignment signal is obtained by subtracting the constant term measured during the experiment.
With the notation introduced in (1), the birefringence can be written as
with n the average value of the refractive index at the probe frequency, N the number density, and E 0 the dielectric constant of vacuum. For molecules of large polarizability asymmetry (i.e., ∆α ZX ≈ −∆α Y X ), the birefringence experienced by the probe depends on the combined effect of the two alignment of the two molecular Z and Y axes alignment with respect to both field components. In the case of ethylene, where one has |∆α ZX | >> |∆α Y X |, the birefringence can be approximated by
For molecules of small polarizability asymmetry, the birefringence signal therefore only provides the information about the angular localization of the Z-molecular axis (the C=C bond) with respect to the two elliptic field axes. In that respect, the technique does not allow a direct measurement of the 3D alignment of ethylene for which a detection over at least two axes would be necessary. However, since the measured signal is proportional to the difference between the two director cosines cos 2 θ yZ and cos 2 θ xZ , the degree of alignment of the Z-axis is intrinsically connected to the field ellipticity responsible for the alignment of the two other axes. The purpose of the next section is to show how the alignment of these two unmeasured axes can be inferred from the measurements of the C=C Z-axis. Figure 4 shows the alignment signal recorded at temperature T =40 K with an average intensity I = 80 TW/cm 2 , for different ellipticity parameters a 2 . When the pulse is linearly polarized with a 2 = 0 [ Fig.  4 (a) ], we observe recurring transients that describe the alignment of the most polarizable axis along the direction of polarization of the pump laser pulse [8] . When the polarization of the pump field is changed, we observe Fig. 4 (c) ], the energy distribution over both the x-and the y-axis is better balanced, resulting in a decrease of the alignment of the molecular Z-axis along the y-axis. In the limit of circular polarization, since there is not privileged direction in the x-y plane, we have cos 2 θ yZ = cos 2 θ xZ and therefore no birefringence. In this case, the alignment of the Z-axis occurs along the propagation direction z of the pump field. For
IV. RESULTS AND DISCUSSION
and (e)], the Zaxis is preferentially aligned along the x direction with cos 2 θ yZ < cos 2 θ xZ and the signal is hence the mirror image of the one obtained for b 2 > a 2 at the same intensity. These observations can be summarized by the following property cos 2 θ xΓ (a, b) = cos 2 θ yΓ (b, a), with Γ = X, Y, Z, which gives ∆n(a, b) = −∆n(b, a).
To avoid a prohibitively large use of computer time, we have estimated the averaged director cosines from the following expressions
with Γ = X, Y, Z and where f Γ (t) is a shape factor computed with a linearly polarized field. These expressions were established for the case of linear molecules in an intermediate field regime, i.e. well below the intrinsic saturation of alignment [25] . We assume that they can be generalized to the three axes of an asymmetric top molecule. The shape factor is independent of the field parameters (such as a, b, and the intensity), but not of the other parameters such as the considered molecular axis Γ and the temperature for instance. This shape factor features the fact that for moderate intensities, the change of shape of cos 2 θ γΓ − 1/3 as a function of the intensity is only due to the change of the permanent alignment. Since here the temperature is rather high leading to a low effective field intensity, we have neglected the permanent alignment effect. Equations (13) show that only the amplitudes of cos 2 θ γΓ are modified by the polarization of the electric field and not their temporal behaviors. Using (11) and (13) we can demonstrate that the signal obtained for a given ellipticity a is the one obtained for a linear polarization scaled by the factor b 2 − a 2 = 1 − 2a 2 . One can see from Fig. 5 that this assumption is satisfied experimentally, which confirms that Eqs. (13) are good approximations of the director cosines for the present experimental conditions. In order to extract the averaged director cosines for any ellipticity, we only need therefore to calculate the alignment obtained from a linearly polarized laser pulse and use the expression
where ∆n(t) a 2 and ∆n(t) a 2 =0 denote the birefringence produced by the elliptic and linear polarization, respectively. This last equation has been used to simulate the results recorded for different ellipticity parameters presented in Fig. 4 . In order to get a satisfactory agreement between theory and experiment, the theoretical intensity had to be set at 30 TW/cm 2 , which is 2.6 times lower than the measured average intensity [26] . As already reported in previous works [23, 27, 28] , this difference can be attributed to the ionization of the molecule that occurs at high intensity. For ethylene, the peak intensity for saturation of ionization is expected to be around 70 TW/cm 2 [29, 30] , which corresponds to an average intensity of 35 TW/cm 2 . Considering that the spatial distribution of the laser pulse is not taken into account in the calculation, we have shown that a good approximation consists in comparing the experimental data with the theoretical simulation performed at the average intensity measured in the experiment [27] . Since so far there is no experimental evidence that the ionic species contribute to the alignment signal, we can reasonably assume that the signal observed in Fig. 4 is limited by the saturation of ionization and compare therefore the theoretical intensity (30 TW/cm 2 ) to the average intensity for saturation of ionization (35 TW/cm 2 ). Figure 6 (a) shows the results obtained at the same laser intensity for the ellipticity parameter a 2 = 0.44 defined according to Eq. (5). As for Fig. 4 , the alignment signal has been simulated with a linearly polarized field of a peak intensity I = 30 TW/cm 2 . Equations (13) allow us to determine the degree of three-dimensional alignment. Figures 6 (b) and (c) show the averaged director cosines cos 2 θ yZ and cos 2 θ zY . The maximum of alignment is observed at 8.7 ps (see the vertical dashed line) with cos 2 θ yZ = 0.37, cos 2 θ zY = 0.37, and cos 2 θ xX = 0.336. The relatively weak alignment of the X molecular axis along the x-axis is due to the not sufficiently low temperature at which the experiment was conducted. The investigation at temperatures lower than 40 K was limited in the experiment by the concomitant reduction of the number density in the molecular jet expansion.
Another way to estimate the degree of 3-D alignment achieved in Fig. 6 (a) is to inspect the angular distribution of the C-H bonds. Although our theoretical model based on the approximation of Eqs (13) does not allow to simulate this distribution, a qualitative comparison of the numerics and the experiment can be achieved at low temperature in the following manner. The time-dependent Schrödinger equation was solved at 4 K for a field of ellipticity corresponding to a 2 = 0.44. The intensity was adjusted as to result in averaged values of the director cosines identical to those calculated from the experiment conducted at 40 K (see Figs. 6 (b) and (c) ). The result is presented in figure 7 : the angular distribution is a mixture of the diabolo-like shape and the geometrical form of the molecule presented in Fig. 1 . The small degree of angular localization observed for the C-H bounds corroborates therefore the results of Figs. 4 (b, c) and further emphasizes the temperature issue for 3-D alignment.
V. CONCLUSION
We have studied the field-free 3-D alignment of an asymmetric top molecule induced by an elliptically polarized short laser pulse. The work is based on a theoretical model that defines the best ellipticity for the molecule to be aligned. The experimental investigation was performed in ethylene, a molecule that is of particular interest in the context of nanoporous solids. The crystal field arising inside the cavity of a nanoporous solid is comparable to the field experienced at the focus of a short laser pulse. Laser induced alignment should therefore provide helpful information about molecules embedded in solids [31] . The molecule was rotationally cooled to 40 K in a free-jet expansion. The alignment was measured by an optical probe. Although the measurements were conducted at an intensity close to the saturation intensity of ionization, the alignment produced was relatively weak. We show that it is principally due to the combination of the insufficiently low temperature achieved in the molecular jet and the relatively low asymmetry of the molecular polarizability tensor.
The present work stresses the need for strategies to improve postpulse 3-D alignment. A sequence of short pulses has been already used to enhance the degree of alignment of linear molecules [32] and of 3-D molecular alignment [10] . We have numerically investigated the use of an elliptical bipulse, where the second pulse is applied near the maximum efficiency of the first kick, approximately at t = 8.2 ps for ethylene. It has revealed a significant enhancement of the alignment, but at lower temperature than the one investigated experimentally. Phase-shaped laser pulses also offer a solution for enhanced alignment, as it has been shown in a recent theoretical study devoted to the optimization of field-free alignment of linear molecules [13] . More recently, strong 3-D alignment has been observed combining a long and a short laser pulse [33] . All these promising methods could be adapted in order to produce efficient postpulse molecular 3-D alignment. Finally, the study presented in this paper could be extended to more complex molecules, in particular when the polarizability tensor is not diagonal in the basis of the inertial principal axes [34] .
